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Abstract--Due to the increasing demand for electricity, the 

quest for cleaner sources of electrical power generation has 
grown too. Therefore, the study of electrical power systems with 
renewable energy sources included in transmission and 
distribution networks is a common interest. The increased 
penetration of these intermittent sources in the power system 
requires detailed studies, which access its impacts in the normal 
functioning of electrical grids. In addition, these integrated 
systems required improvements in operations and control 
techniques because the electrical demand satisfaction entails the 
systems to its load limits. This paper presents a research of 
voltage stability studies based in the determination of the 
maximum loading of the electrical power system. The 
continuation method is applied to the power flow problem to 
improve the simulations performance. The objective is modeling 
the system using the continuation power flow and computing the 
algorithm by parallel technology to decrease the simulation time.  

Index Terms— Continuation Power Flow, Maximum Loading 
Point, Parallel Processing, Power System Analysis Computing, 
Voltage Stability. 

I. INTRODUCTION 

ITH the growing demand for electricity, several studies 
related to the planning and operation of electrical 

systems have increased its importance to guaranty the system 
voltage security.  In addition to the increased demand, some 
factors such as the transfer of large amounts of power in the 
transmission and distribution networks, combined with the 
economic and environmental requirements conduces the 
system to operate in stressful conditions. Recent trends 
towards scale penetration of intermittent renewable energy 
sources into the grid exacerbates this situation making power 
systems mucho more vulnerable to stability and security 
issues. This variability in generation, in addition to the existent 
load variability requires faster and efficient algorithms for 
monitoring of the power system.  

Voltage stability and security monitoring with continuation 
power flow (CPF) and methods based on the CPF are being 
incorporated in energy control centers. These methods allow 
the P-V curve drawing and the computation of the system’s 
maximum loading point (MLP). This is important for the 
knowledge of voltage stability margin and modal analysis 
studies; this point provides information for determining 
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effective measures for strengthening the system, since the 
MLP defines the boundary between regions of stable and 
unstable operation [1].  

The voltage stability has been considered a static 
phenomenon, due to slow variation of voltage over a long 
period until it reaches to the MLP and then it decreases rapidly 
to the voltage collapse. Static voltage stability can be analyzed 
by using saddle-node bifurcation theory [2].  

This paper presents a methodology for voltage stability 
analysis and it is organized as follows. Section II presents the 
most relevant aspects about voltage stability and the selected 
theory to analyze it. The continuation power flow method and 
the technique used to identify the critical bus for the voltage 
stability margin calculation are exposed on sections III and IV 
respectively. On the other hand, Section V presents the test 
cases, simulations results and its voltage stability analysis. 
Finally, the conclusions are presented on section VII.  

II. THE VOLTAGE STABILITY 

Voltage stability is concerned with the ability of a power 
system to maintain acceptable voltages at all buses in the 
system under normal conditions and after being subjected to a 
disturbance. A system enters a state of voltage instability 
when a disturbance, increase in load demand, or change in 
system condition causes a progressive and uncontrollable 
decline in voltage.  

Voltage stability problems normally occur in heavily 
stressed systems. The disturbance leading to voltage collapse 
may be initiated by a variety of causes but the underlying 
problem is an inherent weakness in the power system. In 
addition to the strength of transmission network and power 
transfer levels, the principal factor contributing to voltage 
collapse are the generator reactive power/voltage control 
limits, load characteristics, characteristics of reactive 
compensation devices, and the action of voltage control 
devices such as transformer under-load tap changers [3].  

There is a need for analytical tools capable of predicting 
voltage collapse in complex networks, accurately quantifying 
stability margins and power transfer limits, identifying 
voltage-weak points and areas susceptible to voltage 
instability; and identifying key contribution factors and 
sensitivities that provide insight into system characteristics to 
assist in developing remedial actions [4]. This information can 
be obtained from a voltage stability analysis.  
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A.  Static Analysis 

The static approach captures “snapshots” of system 
conditions at various time frames along the time-domain 
trajectory. Static analysis of voltage stability involves the 
static model of the power system and these analysis methods 
are especially important in the case of power system operation 
and planning stages for making an adequate plan to define the 
power requirements during different types of contingence [5]. 

 The static voltage analysis is based on the modal analysis 
of the power flow Jacobian matriz, as shown in (1) [6]. 

 
∆ ,

∆ ∙
∆
∆                       (1) 

 
where 

∆ , : is the incremental changes in active power of PQ 
and PV buses 

∆ : is the incremental changes in reactive power of PQ 
buses 

∆ : is a vector that contains the incremental changes in 
bus voltage angle 

∆ : is a vector that contains the incremental changes in 
bus voltage magnitudes 

 
 The elements of the Jacobian matrix represent the 
sensitivities between the power flow bus voltage changes. The 
Jacobian matrix of power flow equations becomes singular at 
the voltage stability limit. As a consequence, attempts at 
power flow solutions near the critical point are prone to 
divergence and error. For this reason, it is necessary the 
application of an algorithm with the capacity to overcome the 
numerical instability.  In order to use this type of numerical 
methods the bifurcation theory is proposed as a possibility for 
voltage stability analysis. 

B.  Bifurcation Theory 

Bifurcation theory is used to describe changes in the 
qualitative structures of the phase portrait when certain system 
parameters change. Voltage collapse in power systems can be 
predicted the critical point using this technique for study the 
system behavior near to the stability limit. In this study the 
saddle-node bifurcation is associated with the point of voltage 
collapse. 

A saddle-node bifurcation is the disappearance of a system 
equilibrium as parameters change slowly. The saddle-node 
bifurcation occurs when a stable equilibrium at which the 
power system operates disappears [7].  This type of 
bifurcation is an inherently nonlinear phenomenon and it 
cannot occur in a linear model. Equation (2) is considered to 
present the characteristic of bifurcation. 
 

,                              (2) 
   
In the differential equation (2), the variable  represents the 

system state and λ represents a system parameter. There is an 
equilibrium state where the function value is zero, it is 

identified in the equilibrium points where 
basically,	 , 0. For this value of λ the linearization 
of  ,  is singular. When λ is negative, there are no 
equilibrium solutions. If λ increases to zero, then the both 
equilibrium points are represent by the double root 0. If λ 
is positive, there are two equilibrium solutions √  and 

√ . The bifurcation occurs when the parameter 0 
at the critical case separating the cases of two real solutions 
from no real solutions. The extremity of a curve representation 
of the system is defined as the bifurcation point. This is valid, 
when a state variable is represented in the vertical axis and a 
parameter in the horizontal axis.  

In the power system, the chosen parameter usually 
corresponds to system load and for that reason the extremity 
of the PV curve is the representation point of the bifurcation 
theory. 

III. THE CONTINUATION POWER FLOW 

The continuation method is a mathematical path-
methodology used to solve systems of nonlinear equations. 
Using the continuation method, a solution branch around the 
turning point can be tracked without difficulties. It has been 
used for studies with approximations of the critical point in 
power systems. The Continuation Power Flow (CPF) captures 
this path-following feature by means of a predictor-corrector 
scheme that adopts locally parameterized continuation 
techniques to trace the PF solution paths [8]. As shown in Fig. 
1, it starts from a known solution and uses a tangent predictor 
to estimate a subsequent solution corresponds to a different 
value of the load parameter λ. Then, using the Newton-
Raphson technique, the estimation value is corrected. For the 
parameterization, the local technique is used for identifying 
each point along the solution curve and makes part in avoiding 
singularity in the Jacobian.  

 
Fig. 1.  Predictor-corrector scheme used in the continuation power flow. 
Adapted from [7]. 

 

C.  Formulation of Power Flow Equations 

To apply a local parametrization, the power flow equations 
are reformulated including a load parameter λ.  The load is 
considered using the constant power load model. In the 
reformulation equations, the load parameter varies in the value 
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range of  0 , where 0 corresponds to the 
base case and  corresponds to the critical load.  In 
general, the new equations forms for each bus  are shown in 
(3) and (4).  

 
Δ 0                  (3) 
Δ 0                  (4) 

 
where the subscripts L, G and T respectively denotes load, 
generation and injection for each bus. Denoting the voltage at 
bus  as ∠ , and ∠  as the ,  element of the 
system admittance matrix 	and taking into account the 
traditional power flow equations, the injected active and 
reactive power for each bus  are defined in (5) and (6). 

 

cos  

        (5) 

sin  

        (6) 
 

For simulating different load change scenarios, a multiplier 
 designates the rate of load change at bus  as λ changes 

and the initial active and reactive power load values 
( 	and	 ) are used to represent the power load for each 
bus in terms of the load parameter by (7) and (8). 

 
1                            (7) 
1                            (8) 

 
 In addition, the active generation term in (3) can be 

modified as shown in (9), as a function of the load parameter 
λ, the active generation at bus  in the base case  and the 
constant  used to specify the rate of change in generation as 
λ varies.  

 
1                            (9) 

 
 To describe the application of a continuation algorithm to 
the system of reformulated power equations, the entire set of 
equations is denoted as  and the problem can be expressed as 
(10). 
 

, , 0											0                (10)                                            
  

In general, the dimension of  will be 2 , where 
 are the number of load buses (known as  buses) and 
 are the number of generation buses (known as  buses). 

The continuation algorithms starts from the base case where 
the load parameters is equal to zero ( 0) and uses a 
predictor-corrector scheme, as shown in Fig. 1 to find 
subsequent solutions at different load levels.  Where the 
column vector 	represents the state variables 
of the system.  

D.  Prediction Step 

After solve the base case, the next step corresponds to the 
estimation of the next solution using prediction techniques. In 
this work, the tangent predictor technique proposed in [9] is 
applied. This tangent calculation is derived by first taking the 
first derivative of both sides of the power flow equations 
represented by (11).   

 
, , 0          (11) 

 
Equation (12) is obtained by factorizing and representing 

(11) by matrices.  

0                         (12) 

 
On the left side of (12), a matrix of partial derivatives that 

corresponds to the conventional power flow Jacobian 
augmented by one column (  is multiplied by a vector of 
differentials 	that represents the tangent 
vector. For guarantee that the augmented Jacobian will be 
nonsingular at the point of maximum possible system load, it 
is necessary to impose a non-zero (for example, one) 
magnitude for one of the components of the tangent vector. 
This component is denominate as continuation parameter and 
imposes a nonzero norm of the tangent vector. If the index 
	represents the continuation parameter position and it is 

chosen properly, the tangent vector is determined as the 
solution by (13). 

 
0
,					 1           (13) 

 
where  is an appropriately dimensioned row vector with all 
elements equal to zero except the  which is equal to one.  

The continuation parameter will correspond to the  state 
variable with the largest tangent vector component. The load 
parameter λ is used at the beginning of the curve for the base 
case, because it is characterized by normal or light loading. On 
the other hand, when the load increases and the solution path 
approaches the critical point, voltage magnitudes and angles 
will have significant changes. For this reason, the continuation 
parameter is selecting at each step (in the first step, it 
corresponds to λ) considering (14). 

 
: | | | |, | |, … . , | |                 (14) 

 
where  is the tangent vector with a corresponding dimension 

2 1 and index	  represents the maximal 
component of the tangent vector [8].   

After selecting the continuation parameter, the sign of its 
corresponding tangent component will define the proper value 
for  in the subsequent tangent vector calculation.  If the  
state variable is increasing, its tangent component will be 
positive and 1 and if it is decreasing so its tangent 
component is negative and 1.   
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Once the tangent vector has been found by solving (13), the 
prediction solution (denoted by the superscript ‘ ’) is 
determined by (15). 
 

                        (15) 

 
where  is a scalar designating the step size. The step size 
should be chosen so that predicted solution is within the radius 
of convergence of the corrector. 

The simplest approach for selecting the step size is keeping 
it constant. However if this value is very small, the number of 
steps needed will be very large and on the other hand, if a 
large value is selected for the step size the convergence can 
have problems.  

Based on the approach for step length selection proposed in 
[8] the procedure used to the step control is done by (16). 

 

‖ ‖
                            (16) 

 
where ‖ ‖ denotes the Euclidean norm of the tangent vector 
and  represents the step length used in the previous 

continuation step.  

E.  Local Parameterization and Corrector Step 

The parameterization process provides a method of 
identifying each solution along the curve being traced. The 
scheme selected for this work is local parameterization.  

In local parameterization technique, the original set of 
equations is augmented by one equation that specifies the 
value of one of the state variables (Bus voltage magnitudes, 
bus voltage angles or the load parameter ).   The  element 
has a proper value considering that  and the new set of 
equations will be as follows in (17). 

 

0                                 (17) 

    
Once the original equations system is altered by an 

additional equation and one additional state variable is 
involved, a corrector method is used to solve the system. In 
this work the Newton-Raphson power flow method is used in 
the corrector step [9].  

IV. THE CRITICAL BUS AND STABILITY MARGIN 

IDENTIFICATION 

A critical bus can be defined using different approaches. 
Based in voltage safety, in critical buses the active and 
reactive power transmission is very close to the limit value. In 
addition, the voltage control actions in a critical bus may have 
opposite consequences than expected ones. Finally, critical 
buses are more sensitive due to disturbances in the power 
system.  

A.  Identification of the critical bus 

The identification of the critical bus of the system is 
fundamental in the voltage collapse analysis.  Once its 
existence is detected, the application of control actions is 
recommended to improve the safety conditions incrementing 
the distance between load in the critical bus and the new 
allowed limit.  

The critical bus does not necessarily have the lowest 
voltage in the system. It is identified because its voltage has 
greater variation when load increases and for that reason, its 
value decreases faster. 

In this paper, the tangent vector method is used for 
identifying the critical bus in the system. The tangent vector  
shows how the state variables are affected by the loading of 
the power system [10].  It provides an early identification of 
the critical bus, a desirable feature in voltage collapse analysis 
that is not found in any other voltage collapse index.  

For this reason, the elements from the tangent vector that 
will be evaluated are just the magnitude voltage values in the 
load (PQ) buses. The PQ bus with the greatest absolute 
variations through changes in the loading of the system will be 
the critical bus. Mathematically, the critical bus will be 
denoted by the index  and will be obtained by (18). 

 

← , , …                    (18) 

 
The identification of the critical bus and the analysis of its 

voltage profile is used to evaluate the effects in the system of 
loading and generation changes.   

B.  Voltage Stability Margin (VSM) 

To know the proximity of the system with a instability 
point is a very important margin for the safety operation of the 
power system. Thus, undesirable situations can be predicted 
and corrective and/or preventive actions can be taken.  

A widely accepted measure of voltage stability monitoring 
is expressed by the load power margin which is defined to be 
the distance between the current operating point 	and system 
maximum loading point 	 11 . Thus, the system voltage 
stability margin (VSM) defined by the percentage of the load 
power margin as proposed by (19). 

 

100%																								 19  

 
In this work, the VSM is calculated using the PV profile for 

the critical bus of the system.  

V. TESTS AND RESULTS 

Fig. 2 shows the diagram for the IEEE 57-bus test system, 
with 7 generators, 15 regulating transformers, 65 transmission 
elements and 42 loads. It is used to illustrate the application of 
the methodology proposed and determinate the viability of 
connecting distribution generators in strategic buses of the 
power system.  
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For the test cases will be added a distributed generator in 
different strategic buses through the system. The results will 
be analyzed using the voltage profile for the critical bus in 
each case.  
 

 
 

Fig. 2.  Diagram for the IEEE 57-bus test system. Adapted from [12]. 

 
Before allocating additional generation in the system, the 

original IEEE 57-bus test system is simulated. Bus 31 is the 
original critical bus in the system and the Voltage Stability 
Margin is 17.68%. Fig. 3 shows the voltage profile for the 
critical bus with the stable solutions. 

 

 
Fig. 3.  Voltage Profile in the critical bus for original IEEE 57-bus test system. 

 

A.  Case 1: Distributed Generator (DG) in Bus 31  

For the first test case, a large generator with 50 [MW] and 
30 [MVAr] in the original critical bus of the system is 
incorporated. 

The new critical bus corresponds to Bus 25, being more 
distant from the original generation buses and so close of the 
new distributed generator in the system. Fig. 4 shows the 
voltage profile for the new critical bus of the system. In 
addition, the VSM for the first test Case is 28.68%, improving 
its value respect to the original results.   
 

 
Fig. 4.  Voltage Profile in the critical bus for Case 1.  
 

B.  Case 2: DG in a High Load Area 

For the second test case, the system is partitioned in five 
regions to find the highest load area. Using this analysis was 
obtained that in the northeast area of the system is 
concentrated the 48.24% of the active load and 26.53% of the 
reactive load with consumption values of 603.4 [MW] and 
83.4 [MVAr].  For this reason, the same distributed generator 
(50 [MW] and 30 [MVAr]) is allocated in the bus 37 of the 
system. Fig. 5 shows the voltage profile for the bus 31 (critical 
bus).  

 

  
Fig. 5.  Voltage Profile in the critical bus for Case 2. 
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For this case, the Voltage Stability Margin is 28.16%. It is 
important to notice that the critical bus for this case is the 
same than in the original system, but the VSM has a greater 
value and the final voltage magnitude for the critical bus (Bus 
31) is better when the distributed generator is included in the 
system.  

C.  Case 3: DG in a distant bus from the original 
generation 

For the third test case, a bus is selected in the middle of the 
mesh transmission network. Thus, for guarantee its similar 
distance with all the generators located in the original system. 
For this reason, in bus 36 is allocated the distributed generator 
with the same characteristics than in cases 1 and 2.   

Fig. 6 shows the voltage profile for the critical bus, which 
corresponds to b4us 31. In addition, the VSM for this case is 
28.70% that is a greater value than the previous ones.  
 

 
Fig. 6.  Voltage Profile in the critical bus for Case 3. 
 

D.  Case 4: Two DGs connected in strategic buses 

For the last test case, the additional generation for the 
system is included using two identical distributed generators. 
Each of them injects 25 [MW] and 15 [MVAr] to the system 
and are allocated in buses 36 and 37.  In Fig. 7 is showed the 
voltage profile for the critical bus in this case.  

The VSM for this case is 35.93% that is the greatest value 
obtained in the simulations applied to the different scenarios.  

Using the results for each case, a static voltage stability 
analysis is made for the general IEEE 57-buses test system. 
The voltage profile in the critical bus and its final voltage 
magnitude, the criteria used to select the buses to allocate the 
Distributed Generator and the Voltage Stability Margin are 
important information for the analysis.  

The Case 4 obtains the best stability scenario where the 
VSM has the greatest value, increasing from 17.68% in the 
original case to 35.93% and the final magnitude voltage in the 
critical bus (bus 31) is 0.98 [pu]. 

 
 

 
Fig. 7.  Voltage Profile in the critical bus for Case 4. 

 
This results shows injection of distributed generation in 

strategic points of the system affects directly the voltage 
stability margin and the voltage profile of the buses in the 
system. The best scenario was obtained using two identical 
distributed generators, each one with 50% of the generation 
injected in the previous cases. They are allocated in two 
strategic points, one of them belongs to a high load area and 
the second one is distant from all the original generation 
buses.  

Based in this information, it is possible to affirm that is 
better divide the power injection in a mesh system than 
concentrate the distributed generation just in a strategic bus. 
Thus, using different criteria for selecting strategic connection 
points in the system and installing the same total additional 
power distributed in these points, the voltage stability 
improves considerably. 

VI. CONCLUSIONS 

This paper focus in a voltage stability analysis using the 
continuation power flow and tangent vector techniques. This 
methodology is considering a computational simulation tool to 
aid in operating, planning and investment decisions in power 
systems.  

The injection of active power and compensation of reactive 
power in the system was studied using different allocations for 
the same apparent power. As conclusion about this analysis, 
the best criteria to include distributed generation in the system 
is selecting more than one injection point in different areas of 
the system and divide the total apparent power in these 
connection points. With this procedure, improvements in the 
stability of the system can be guaranteed.  

Finally, the simulation time for this system using parallel 
programation techniques corresponds to 2.66 milliseconds. 
The future work consists in improving this time, including a 
Graphic Processing Unit in the methodology to process the 
information in large transmission and distribution systems.  
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