
A Deterministic Approach for the
Reactive Optimal Power Flow Problem

with Discrete Control Variables
Code: 02.022

Diego Nunes da Silva1, Geraldo R. M. da Costa2

1Graduate Program in Electrical Engineering, São Carlos School of Engineering, University of São Paulo,

São Carlos - SP, Brazil (e-mail: diegons@usp.br).
2Department of Electrical and Computer Engineering, São Carlos School of Engineering, University of

São Paulo, São Carlos - SP, Brazil (e-mail: geraldo@sc.usp.br).

14/11/2017 1



Introduction

p Electrical energy: human comfort and development.

p In Brazil, the National System Operator (NSO) acts in order to ensure a safe
operation of the electrical network, while meeting the demand and the energy
quality standards required by the regulatory agencies.

p In this context, the use of computational tools plays an important role in
decision-making.

p In particular, the Optimal Power Flow (OPF) problem is an useful tool which
can be employed by the NSO in the power system management and planning.

p In this work: Reactive OPF (ROPF) for active power losses minimization.

p Mixed-Integer Nonlinear Programming (MINLP) problem: discrete transformer
taps and bus shunt susceptances.
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Objective

p Propose a new approach to solve NLP problems, which can be employed to
solve OPF problems with continuous and discrete variables.

p The proposed approach associates some classical NLP methods:
- the sinusoidal penalty function, which is used to ensure the discretization of
some variables, by a sequence of continuous optimization problems;

- the nonlinear rescaling method, which is used to handle the inequality con-
straints;

- and the composite step trust region method to handle the equality constraints.
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ROPF Mathematical Model

minimize PL(V , θ, t) (1a)
subject to ∆Pk(V , θ, t) = 0, ∀k ∈ G′ ∪ C (1b)

∆Qk(V , θ, t, bsh) = 0, ∀k ∈ C (1c)

QG
k
6 QG

k (V , θ, t, bsh) 6 Q
G
k , ∀k ∈ G (1d)

V k 6 Vk 6 V k , ∀k ∈ B (1e)

tkm ∈ Dtap
km , ∀(k,m) ∈ T (1f)

bshk ∈ Dsh
k , ∀k ∈ Bsh (1g)
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Proposed Method

p Consider the following MINLP problem:
minimize f (x)

subject to g(x) = 0
h(x) 6 0
x2,i ∈ Dx2,i , i = 1, . . . , n2

(2)

where x = (x1, x2), with x1 ∈ Rn1 , x2 ∈ Rn2 and Dx2,i is the set of discrete
values of the variable x2,i , for i = 1, ..., n2.

p The objective function f : Rn1+n2 → R, the equality constraints, g : Rn1+n2 →
Rng (ng < n1 + n2), and the inequality constraints, h : Rn1+n2 → Rnh , are C 2

class functions.
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Proposed Method – Sinusoidal Penalty Function

p A penalty function φ : R → R is employed to handle each discrete variable,
x2,i , i = 1, ..., n2:

φ(x2,i ) =

{
0, se x2,i 6 x2,i ou x2,i > x2,i

[sin(υi (x2,i − dL
i ))]2, se x2,i < x2,i 6 x2,i

(3)

where:
- υi = π

dU
i −d

L
i

;

- dL
i is the discrete value in Dx2,i that is closer and lower than x2,i ;

- dU
i is the discrete value in Dx2,i that is closer and greater or equal than x2,i ;

- x2,i = minDx2,i e x2,i = maxDx2,i .
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Proposed Method – Sinusoidal Penalty Function

p For each discrete variable, a penalty term φ(x2,i ) is incorporated to the objective
function of the original problem, using a penalty parameter γ > 0, leading to
the following modified problem, with only continuous variables:

minimize Φ(x) = f (x) + γ

n2∑
i=1

φ(x2,i )

subject to g(x) = 0
h(x) 6 0.

(4)

where we assume that the continuous relaxation of the discrete variables,
x2,i 6 x2,i 6 x2,i , is part of the inequality constraints, h.
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Proposed Method – Sinusoidal Penalty Function

p The proposed algorithm is initialized with a low value of γ, which is slowly
increased to ensure the discretization of the variables. During each outer cycle,
the penalty parameter is updated as follows:

γK+1 = τγγ
K (5)

where τγ > 1 is the update factor of γ, and K is the outer cycle counter.

p The penalty parameter is updated until the following discretization condition is
satisfied:

|xk2,i − x ′2,i | < εD , i = 1, ..., n2, (6)
where x ′2,i ∈ Dx2,i is the nearest discrete value allowed for xk2,i and εD > 0 is
the discretization tolerance.
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Proposed Method – Nonlinear Rescaling Method

p In this work, the inequality constraints are handled by a nonlinear rescaling
function, which is a C 2 class function, with −∞ 6 a0 < 0 < a1 6 ∞, such
that:
1) ψ(0) = 0 e ψ′(0) = 1;
2) ψ′(t) > 0, for all t ∈ (a0, a1);
3) ψ′′(t) < 0, for all t ∈ (a0, a1);
4) there exists a > 0 such that ψ(t) 6 −at2, for t 6 0;
5) there exist b > 0 and c > 0 such that ψ′(t) 6 bt−1 and −ψ′′(t) 6 ct−2,

for t > 0.
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Proposed Method – Nonlinear Rescaling Method

p Adding slack variables, s ∈ Rnh , to the inequality constraints and employing
a nonlinear rescaling function to handle the slack variables, a solution for the
continuous NLP problem is obtained by solving a sequence of transformed prob-
lems, as follows:

minimize ϕµ(x , s) = Φ(x)− µ
nh∑
j=1

σjψ(µ−1sj)

subject to c(x , s) = 0

(7)

where:

c(x , s) =

[
g(x)

h(x) + s

]
,

µ is a rescaling parameter and σ ∈ Rnh is the vector of Lagrange multiplier
estimates.
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Proposed Method – Nonlinear Rescaling Method

p An algorithm for the nonlinear rescaling method consists of two cycles.

p In the inner cycle, the previous transformed problem is solved for the primal
variables, w = (x , s), with fixed Lagrange multipliers, σ, rescaling parameter,
µ > 0, and penalty parameter, γ.

p And an outer cycle, where σ and µ (and γ, as described before) are updated,
according to the following formulas:

σK+1
j = σKj ψ

′(µ−1skj ), j = 1, ..., nh

µK+1 = τµµ
K , τµ ∈ (0, 1)

(8)

where sk is the vector of slack variables obtained in the last iteration of the
inner cycle.
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Proposed Method – Nonlinear Rescaling Method

p In this work, we used the modified logarithmic barrier function as nonlinear
rescaling function:

ψ(t) =

{
ln(t + 1), se t > β
p(t) = 1

2p2t
2 + p1t + p0, se t < β

(9)

where β ∈ (−1, 0) is the extrapolation point and p2, p1 e p0 are chosen so that
ψ is a C 2 class function.
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Proposed Method – Inner Cycle: Trust Region Method

p In the inner cycles, an equality constrained NLP problem of the following form
must be solved:

minimize ϕ(w)

subject to ci (w) = 0 i = 1, ...,m
(10)

with m = ng + nh and w = (x , s).

p The following Lagrangian function is associated with the problem (10):
L(w , λ) = ϕ(w) + λT c(w) (11)

where λ ∈ Rm is the vector of Lagrange multipliers.
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Proposed Method – Inner Cycle: Trust Region Method

p In a trust region sequential quadratic programming method, a quadratic model,
usually obtained by a truncated Taylor series, is defined in a neighborhood of
each iterate wk . This quadratic model is minimized to obtain a trial step, dk ,
which is used to update the variables.

p Trust region subproblem:
minimize qk(d) = ∇ϕ(wk)Td + 1

2d
TBkd (12a)

subject to Jc(wk)d + c(wk) = 0 (12b)

‖d‖ 6 ∆k (12c)
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Proposed Method – Inner Cycle: Trust Region Method

p Once the trial step dk is computed by solving the trust region subproblem, we
verify if the trial point, w+ = wk +dk , provides a sufficient decrease in a merit
function.

p If this happens, the point is updated by wk+1 = w+ and the trust region radius
is, possibly, increased.

p Otherwise, the trust region radius is reduced and a new trial step is computed,
and we hope that the model will be more accurate in a smaller neighborhood
of wk .
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Proposed Method – Inner Cycle: Trust Region Method

p One should notice, however, that a possible issue may arise when trying to solve
the trust region subproblem: if the trust region radius is small, the trust region
constraint may not intercept the linearized equality constraints, leading to an
infeasible subproblem.

p This issue cannot be solved by simply increasing the trust region radius, because
the convergence properties of the trust region method rely on its ability to
reduce the trust region radius when a poor agreement between the model and
the original problem is verified.
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Proposed Method – Inner Cycle: Trust Region Method

p In order to deal with possible infeasible subproblems, in this work we adopt
the composite step approach of Byrd-Omojokun, which decomposes the trust
region subproblem into two smaller subproblems and the trial step is obtained
as the sum of two components: a normal step and a tangential step.

p Idea: it is not necessary to exactly satisfy the linearized equality constraints at
each step.

p Instead, we try to satisfy these constraints as much as possible, in a least squares
sense, and satisfy them exactly only when the trust region constraint allows.

p Composite step:
dk = nk + tk . (13)
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Proposed Method – Inner Cycle: Trust Region Method

p The normal step, nk , is computed by solving the following normal subproblem:
minimize 1

2‖Jc(wk)n + c(wk)‖2

subject to ‖n‖ 6 ζ∆k
(14)

where ζ ∈ (0, 1).

p Property: this problem always have a solution in the range space of Jc(wk)T ,
denoted by R(Jc(wk)T )), that is, nk is a linear combination of the columns of
Jc(wk)T .

p This property allows one to decouple the normal and tangential step computa-
tions.

p In this work: this subproblem is solved by Powell’s dogleg method.
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Proposed Method – Inner Cycle: Trust Region Method

p The trial step, dk , is computed by solving the following relaxed version of the
original trust region subproblem:

minimize qk(d) = ∇ϕ(wk)Td + 1
2d

TBkd

subject to Jc(wk)d + c(wk) = rk

‖d‖ 6 ∆k .

(15)

p Ideally, we would want rk = 0.

p Instead, we use the minimum norm residual, obtained in the normal subproblem:
rk = Jc(wk)nk + c(wk). With this choice, the subproblem is always feasible.
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Proposed Method – Inner Cycle: Trust Region Method

p Considering that d = nk + t, this subproblem can be formulated in the variable
t, the tangential step:

minimize [∇ϕ(wk) + Bkn
k ]T t + 1

2 t
TBkt (16a)

subject to Jc(wk)t = 0 (16b)

‖nk + t‖ 6 ∆k . (16c)

p Thus, the feasible solutions for the tangential subproblem are the steps in the
null space of Jc(wk), denoted by N (Jc(wk)).

p Since nk ∈ R(Jc(wk)T ) and tk ∈ N (Jc(wk)), the properties of orthogonal
complements, null space and range space, ensure that nk and tk are orthogonal.
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Proposed Method – Inner Cycle: Trust Region Method

p We assume that Jc(wk) is full rank, and let Zk ∈ Rn×(n−m) be the matrix
whose columns are a base for N (Jc(wk)).

p Thus, we can write t = Zku, where u ∈ Rn−m.

p With this variable change and the properties presented, we can formulate the
tangential subproblem in the following equivalent form:

minimize [∇ϕ(wk) + Bkn
k ]TZku + 1

2u
TZT

k BkZku

subject to ‖Zku‖ 6
√

(∆k)2 − ‖nk‖2.
(17)

p In this work, we computed an orthonormal base Zk and solved this subproblem
by the Steihaug’s conjugate gradient method. Further details on the algorithm
can be found in the full paper and the references therein.
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Proposed Method – Inner Cycle: Trust Region Method

d1

d2

∆

ζ∆

Jc(wk)d+ c(wk) = 0

nk
tk

Figure: Geometrical representation of the composite step approach.
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Numerical Results

p Matlab language, Intel Core i7-4770 processor, 16GB RAM, Windows 10.

p Voltage magnitude limits: V = 0,95 p.u. e V = 1,05 p.u.

p Discrete taps: from 0,88 p.u. to 1,12 p.u., with discrete steps of 0,0075 p.u.

Table: Discrete Shunt Susceptances of Capacitor Banks

System Equivalent shunt susceptances

IEEE-14 Dsh
9 = {0; 0,05; 0,15; 0,19; 0,20; 0,24; 0,34; 0,39}

IEEE-30
Dsh

10 = {0; 0,05; 0,15; 0,19; 0,20; 0,24; 0,34; 0,39}
Dsh

24 = {0; 0,04; 0,05; 0,09}

IEEE-57
Dsh

18 = {0; 0,05; 0,10; 0,12; 0,15; 0,17; 0,22; 0,27}
Dsh

25 = {0; 0,02; 0,03; 0,04; 0,05; 0,06; 0,07; 0,09}
Dsh

53 = {0; 0,065; 0,1; 0,165}
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Numerical Results

Table: Results (Continuous Relaxation and Discrete)

System IEEE-14 IEEE-30 IEEE-57

Continuous Relaxation

Losses (MW) 13,6042 17,7543 24,8291
Time (s) 0,4608 0,8319 0,9252

Discrete

Losses (MW) 13,6062 17,7544 24,8630
Time (s) 0,6249 1,0699 3,1361
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Numerical Results: IEEE-57 bus

2 4 6 8 10 12 14 16

0;88
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1;12

Transformer
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(p
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Continuous
Discrete

Figure: Transformer taps for the IEEE-57 bus system.
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Numerical Results: IEEE-57 bus

Table: Shunt susceptances for the IEEE-57 bus system.

Variable Continuous Relaxation Discrete

bsh18 0,1091 0,1000
bsh25 0,0900 0,0900
bsh53 0,1386 0,1000
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Conclusions

p In this work we proposed a new approach for solving discrete OPF problems,
which combines a sinusoidal penalty function, the nonlinear rescaling method
and a composite step trust region method.

p The numerical results for the IEEE electrical power systems of 14, 30 and
57 buses indicate that the proposed approach is promising, obtaining discrete
solutions of good quality.

p A discretization parameter sensitivity analysis was performed in the full paper,
for the IEEE-57 bus system. Starting with a smaller penalty parameter, γ,
usually leads to higher quality solutions, but more outer iterations may be nec-
essary. Thus, the proposed approach can achieve high quality discrete solutions
by modifying the parameters. In this case, the trade-off between computational
processing and solution quality must be taken into account.
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